This study deals primarily with the connected closed geodetic numbers of some graphs, a closed geodetic closure invariant introduced by Buckley and Harary [2] . For S ⊆ V (G), where G is a connected graph, the geodetic closure I G [S] of S is the set of all vertices lying on some u-v geodesic where u and v are in S. In this paper, select vertices of G sequentially as follows:
Introduction
The concept on connected closed geodetic numbers of graphs follows from the definition of a closed geodetic numbers of graphs which is introduced by Buckley and Harary [2] . The closed geodetic numbers of graphs is studied by Aniversario et.al in [1] . The idea evolved from two classes of graphical games called achievement and avoidance games.
The concept involves closed geodetic closure of a set S ⊆ V (G) of a graph G denoted by I G [S] which is the set of all vertices on geodesics which is the shortest path between two vertices in S. The achievement and avoidance game is modified for the purpose of the closed geodetic concept and goes like this. The study on closed geodetic numbers leads us to study closely on connected closed geodetic numbers. The researchers find it interesting to study the set S ⊆ V (G) for connected graphs that gives the connected closed geodetic number of G where S is connected. Most of the results are parallel to the results in [1] .
Preliminary Concepts and Results
Definition 2.1 For every two vertices u and v of G, the symbol I G [u, v] , where u, v ∈ V (G), is used to denote the interval containing u, v and all vertices lying in some u-v geodesic. A subset S of V (G) is a geodetic cover of G if where S i = {v 1 , v 2 , . . . , v i } for all i = 1, 2, . . . , k. The collection of all closed geodetic covers of G is denoted by C * (G). The closed geodetic number of G, is given by cgn(G) = min {|S| : S ∈ C * (G)} .
A set S ∈ C * (G) with |S| = cgn (G) is called the closed geodetic basis of G, denoted by cgb(G).
Definition 2.3
The geodetic number, gn (G) of a graph G is the minimum cardinality among all geodetic covers of G, that is, gn(G) = min{|S| : S ⊆ V (G)} and I G [S] = V (G)}. Furthermore, a geodetic cover of smallest cardinality is called a geodetic basis of G.
Then the connected closed geodetic number of a graph G, denoted by ccgn(G) is given by ccgn(G) = min{|S| : S is connected}.
Example 2.5 Consider the graphs in Figure 1 
S 4 : S 5 : Figure 1 : The cycle C 5 , and its subgraphs S 3 , S 4 , and S 5
. However, S 3 is not connected as shown in Figure  1 and since it does not satisfy the definition of connected closed geodetic number, we need to choose another vertex in order for S to be connected and
and S 4 is connected as shown in Figure 1 . Similarly, we can also select
and note that S 5 is also connected as shown in Figure 1 . Then it follows that, ccgn(C 5 ) = 4.
Remark 2.6 For any connected graph G, cgn(G) ≤ ccgn(G).
That is, every connected closed geodetic cover is a closed geodetic cover.
For the graph given in Figure 1 , S 4 and S 5 are two different connected closed geodetic covers of G. Thus the following result is immediate.
Remark 2.7
There can be more than one connected closed geodetic covers of G.
Theorem 2.8 For any connected nontrivial graph G of order n,
Proof : Any closed geodetic set needs at least two vertices and therefore, cgn(G) ≥ 2. Let S be any connected geodetic set of G with minimum cardinality. By Theorem 2.6, it follows that 2 ≤ cgn(G) ≤ ccgn(G). Since,
Proof : Let G = C n and V (G) = {v 1 , v 2 , . . . , v n }. Consider the following cases for the order n of graph G.
Case 1:
When n is odd, say n = 2k + 1, for some integer k.
Hence, the minimum number of vertices for S ∈ C * (G) for which S is connected is attained if
Thus, ccgn(G) = n−1 2 + 2. Case 2: When n is even, say n = 2k for some integer k. Let S 1 = {v 1 } and
Now, for i = 
That is, the minimum number of vertices for S ∈ C * (G) where S is connected is attained if Figure 2 
A path P n of order n, for all n ≥ 2
. Therefore, the minimum number of vertices that induces a connected set is attained for
The following result is immediate.
We construct a set of vertices in
Proof : Let G = K p be a complete graph of order p. Then by Theorem 2.12,
Since S is connected, and k < p, we have ccgn(G) < p, a contradiction to the assumption that ccgn(G) = p. Therefore, G = K p . Theorem 2.14 Let G = K m,n . Then ccgn(G) = min{m, n}+1, for m, n > 2. Proof : Let G = K m,n and let U and W be the partite sets of V (G). Note that the only closed geodetic covers of K m,n are U , W , U ∪ {w} for some w ∈ W , and W ∪ {u} for some u ∈ U with |U | = m and |V | = n, respectively. Since only U ∪ {w} and W ∪ {u} are the connected closed geodetic covers of G, we have ccgn(G) = min{|U | + 1, |V | + 1} = min{m + 1, n + 1} = min{m, n} + 1.
Proof : Let G = K m,n and m = n where n ≥ 2. Then by Theorem 2.14,
The following known results on the join of some connected graphs are found in [1] . 
Theorem 2.20 Let G = H+K, where H and K are connected and noncomplete graphs. If S is a closed geodetic basis of G, then either
, for n ≥ 3.
, for n ≥ 4.
Connected Closed Geodetic Numbers of the Join of Some Graphs
In this section, we discuss the connected closed geodetic number of a graph G obtained from the join of two graphs G and H.
Example 3.1 Consider the graphs P 3 , C 4 , and P 3 + C 4 in Figure 4 .
Further, S is connected as shown in Figure 5 . Then it follows that ccgn(P 3 + C 4 ) = 3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Figure 4 : The graph S , subgraph of P 3 + C 4 Theorem 3.2 If H is a connected noncomplete graph and G = K p + H, then ccgn(G) = min{|S| : S = T ∪ {v} where v ∈ V (K p ) and P 2 [T ] H = V (H)}. Proof : Let G = K p + H where H is a connected nocomplete graph. Let T be the set of minimum cardinality such that T ∈ C * (G). Then by Theorem 2.19, P 2 [T ] H = V (H) for which T ⊆ V (H). Thus, T is not connected in G. Hence, construct S = T ∪ {v} where v ∈ V (K p ). Thus, S is connected in G. Therefore, the result follows. + 1, for n ≥ 3. Proof : Let G = K p + P n . By Theorem 3.3 and Corollary 2.21, we have ccgn(G) = ccgn(K p + P n ) = cgn(P n ) + 1 = n+1 2 + 1.
Remark 3.5 For n = 1, 2, ccgn(K p + P 1 ) = cgn(K p + P 1 ) = p + 1 and ccgn(K p + P 2 ) = cgn(K p + P 2 ) = p + 2. Corollary 3.7 For the wheel W n = C n +K 1 of order n+1, we have ccgn(W n ) = n 2 + 1 for n ≥ 3.
Corollary 3.8
If H is a connected noncomplete graph and diam(H) = 2, then ccgn(H + K p ) = cgn(H) + 1. Proof : Let G = H + K p , S ⊆ V (H) such that S ∈ C * (H) where diam(H) = 2. That is, for every u, v ∈ V (H), d H (u, v) ≤ 2. Thus P 2 [S] H = V (H). However, S is not connected but S = cgb(H) by Corollary 2.18. Thus, by Theorem 2.19, S = cgb(G). Consider the set T = S ∪ {v} where v ∈ V (K p ). Then T is connected. Note that T can be constructed so that T ∈ C * (G) by letting v 1 ∈ V (H) and choose v 2 ∈ V (K p ). Since S = cgb(G), |S| is minimum. Thus, T ∈ C * (G) has minimum cardinality for which T is connected. Therefore, ccgn(H + K p ) = cgn(H) + 1.
